LRIy

~ Basiclaws
of electromagnetism












Basic laws of eledromagnefism






I/I. E. HPOJJKOB
OCHOBHLIE BAHOIIBI
3.HEKTPO1\·iAl`HE'1`IrI3A·IA
Hanarenbcwuo <<Bmcu1an mxonat
Mocmaa






l.E.lr0ll0v
BIISIC laws
of 6l00IPOHllIgllBUSlH
Translated from Russian
by
Natasha Deineko and Ram Wadhwa
Ilir Publishers Ioscow
  W
c s s
CBS PUBLISHERS & DISTRIBUTORS
4596/1-A, 11 Darya Gan], New Delhi - 110 002 (India)






_ . First published 1986
Hevnserl from the 1983 Russian edition
I/a mi.mut7cno.»i swwre
@ il3IX3TBJIl>C“lBC• (<BhlCllI3H lllKO.ll3>> , 1983
{Q} English translation. Mir Publishers, 1986
First Indian Edition : 1994  
Reprint: 1996
Reprint: 1998
Reprint: 1999
Reprint: 2001
This edition has been published in India by arrangement with
Mir Publishers, Moscow
Copyright © English Translation, Mir Publishers, 1986
All rights reserved. No part of this book may be reproduced or trans-
mitted in any form or by any means, electronic or mechanical, includ-
ing photocopying, recording, or any infomation storage and retrieval
system without permission, in writing, from the publisher.
Published by
Satish Kumar Jain for CBS Publishers & Distributors.
4596/ l-A, ll Darya Ganj, New Delhi- l 10 002 (india)
For sale in India only
Printed at
Nazia Printers, Delhi - l 10 006
ISBN : 8 l -239-0306-5






The main idea behind this book is to amalgamate the de-
scription of the basic concepts of the theory and the practical
methods of solving problems in one book. Therefore, each
chapter contains first a description of the theory of the
subject being considered (illustrated by concrete examples)
and then a set of selected problems with solutions. The prob-
lems are closely related to the text and often complement it.
Hence they should be analysed together with the text. In
author’s opinion, the selected problems should enable the
reader to attain a deeper understanding of many important
topics and /to`visualize (even without solving the problems
but just by going through them) the wide range of applica-
tions of the ideas presented in this book.
In order to emphasize the most important laws of electro-
magnetism, and especially to clarify the most difficult top-
ics, the author has endeavoured to exclude the less impor-
tant topics. In an attempt to describe the main ideas concise-
ly, clearly and at the same time correctly, the text has been
kept free from superfluous mathematical formulas, and the
main stress has been laid on the physical aspects of the phe-
nomena. With the same end in view, various model repre-
sentations, simplifying factors. special cases, symmetry con-
siderations, etc. have been employed wherever possible.
Sl units of measurements are used throughout the book.
However, considering that the Gaussian system of units is
still widely used, we have included in Appendices 3 and 4
the tables of conversion of the most important quantities
and formulas from SI to Gaussian units.
The most important statements and terms are given in
italics. More complicated material and problems involving
cumbersome mathematical calculations are set in brevier
type. This material can be omitted on hrst reading without
any loss of continuity. The brevier type is also used for
problems and examples.
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The book is intended as a textbook for undergraduate stu-
dents specializing in physics (in the framework of the course
on general physics). It can also be used by university
teachers.
The author is grateful to Prof. A.A. Detlaf and Reader
L.N. Kaptsov who reviewed the manuscript. and made a
number of valuable comments and suggestions.
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List of Notctions
Vectors are denoted by the bold-face upright letters
(e.g. r, E). The same letter in the standard-type print (r, E)
denotes the magnitude of the ,vector.
Average quantities are denoted by angle brackets ( ),
e.g. (v), (P).
The symbols in front of the quantities denote:
A is the finite increment of the quantity, viz. the difference
between its final and initial values, e.g. AE = E2 -—-El,
A<·2=¢2·r¢¤ . .. .. .
d is the differential (infinitesimal increment), e.g. dB, dep;
6 is the incremental value of a quantity, e.g. 6A is the ele-
mentary work.
Unit vectors: V
ex, ey, e, (or i, j, k) are the unit vectors of Cartesian coordi-
nates sc, y, z;
ep, eq, e, are the unit vectors of cylindrical coordinates
p7 q-"  
n is the unit vector of the normal to a surface element;
1 is the unit vector of the tangent to the contour or to an
interface.
Time derivative of an arbitrary function f is denoted by
-0fr'0t or by the dot above the letter denoting the function, f.
lntegrals of any multiplicity are denoted by a single sym-
bol 5 and differ only in the notation of the element of inte-
gration: dV is the volume element, dS is the surface ele-
ment and dl is the element of length. Symbol  denotes the
integration over a closed contour or a closed surface.
Vector operator V (nabla). The operations involving this
operator are denoted as follows: Vqv is the gradient of
cp (grad cp), V·E is the divergence of E (div E), and V >< E
is the curl of E (curl E).
Vector product is denoted la .b], where a and b are
vectors.






lk Electrostatic Field in ¤ Vocuum
1.1. Elechit Field
Electric Charge. At present it is known that diverse phe-
nomena in nature are based on four fundamental interactions
among elementary particles, viz. strong, electromagnetic,
weak, and gravitational interactions. Each type of inter-
action is associated with a certain characteristic of a particle.
For example, the gravitational interaction depends on the
mass of particles, while the electromagnetic interaction is
determined by electric charges.
The electric charge of a particle is one of its basic charac-
teristics. It has the following fundamental properties:
(1) electric charge exists in two forms, i.e. it can be posi-
tive or negative;
(2) the algebraic suin of charges in any electrically insu-
lated system does not change (this statement expresses the
law of conservation of electric charge);
(3) electric charge is a relativistic invariant: its magni-
tude does not depend on the reference system, in other words,
it does not depend on whether the charge moves or is fixed.
It will be shown· later that these fundamental properties
have f`ar—reaching consequences.
Electric Field. In accordance with modern theory, inter-
action among charges is accomplished through a field. Any
electric charge q alters in a certain way the properties of
the space surrounding it, i.e. creates an electric field'. This
means that another, “test" charge placed at some point. of
the field experiences the action of a force.
Experiments show that the force F acting on a fixed test
point charge q' can always be represented in the form
F = q'E. (1-1)
where vector E is called the intensity of the electric field at
a given point,. Equation (1.1) shows that vector E can be
defined as the force acting on a positive fixed unit charge.
Here we assume that the test charge q' is sufficiently small so






12 1. Electrostatic Field tn 4 Vacuum
that its introduction does not noticeably distort the field
under investigation (as a result of possible redistribution of
charges creating the field).
The Field of a Point Charge. It follows directly from exper-
iment (Coulomb’s law) that the intensity of the field of a
fixed point charge q at a _distance r from it can be represent-
ed in the form
E :, .L. .9. c .
lmao rz rs (1.2)
where so is the electric constant and e,. is the unit vector of
the radius vector r drawn from the centre of the iield, where
the charge q is located, to the point we are interested in.
l~`or·muia (1.2) is written in SI. Here the coefficient
1/4:n;e0 := 9 >< 10° m/F,
the charge q is measured in coulombs (C) and the field inten-
sity E i n volts per metre (V/m). Vector E is directed along r
or oppositely to it depending on the sign of the charge q.
Formula (1-2) expresses C0ul0mb’s law in the “iield" form.
It is important that the intensity E of the field created by a
point charge is inversely proportional to the square of the
distance r All experimental results indicate that this law
is valid for distances from 10*3 cm to several kilometres,
and there are no grounds to expect that this law will be
violated for larger distances.
It should also be noted that the force acting on a test
charge in the field created by a fixed point charge does not
depend on whether the test charge is at rest or moves. This
refers to a system of fixed charges as well.
Principle of Superposition. Besides the law expressed by
(1.2), it also follows from experiments that the intensity of
the field of a system of fixed point charges is equal to the
vector sum of the intensities of the fields that would be
created by each charge separately:
I
r ` 1 ~~
|E=ELi=j,g;E€‘?°rz» \ (1.3)






1.1. Electric Field 13
where r, is the distance between the charge q, and the point
under consideration.
This statement is called the principle of superposizion. of
electric fields. lt expresses one of the most remarkable prop-
erties of fields and allows us to calculate field intensity of
any system of charges by representing this system as an ag-
gregate of point charges whose individual contributions are
given by formula (1.2).
Charge Dbtribution. In order to simplify mathematical
calculations, it is of en convenient to ignore the fact that
charges have a discr te structure (electrons, nuclei) and
assume that they are " eared" in a certain way in space. In
other words, it is conv nient to replace the actual distribu-
tion of discrete pointlcharges by a fictitious continuous
distribution. This makds it possible to simplify calculations
considerably without introducing any significant error.
While going over to a continuous distribution, the concept
of charge depsity is introduced, viz. the volume density p,
surface density o, and linear density X. By definition,
  0=—%§,-, }.=-gg-,  
where dq is the charge contained in the volume dV, on the
surface dS, and in the length dl respectively.
Taking these distributions into consideration we can repre-
sent formula (1.3) in a different form. For example, if the
charge is distributed over the volume, we must replace q,
by dq = p dV and summation by integration. This gives
1 pe dl·' 1 ` pr dl'
E: 4JT.£0 S T2 -:2-ITEQS Ts ’  
where the integration is performed over the entire space with
nonzero values of p.
Thus, knowing the distribution of charges, we can complete-
ly solve the problem of finding the electric field intensity
by formula (1.3) if the distribution is discrete or by formu-
la (1.5) or by a similar formula if it is continuous. In the
general case, the calculation involves certain difficulties
(although they are not of principle nature). Indeed, in order
to find vector E, we must first calculate its projections El,
Ev, and E,, which means that we must take three integrals






sa 1. Electrostatic Field in e Vacuum
of the type (1.5). As a rule, the problem becomes much
simpler in cases when a system of charges has n certain 8`ym-
metry. Let us consider two examples.
Example 1. 'I‘he tleld on the axis of a thin uniformly charged ring.
A charge q > 0 is uniformly distributed over a thin ring of radius a.
Find the electric iield intensity E on the axis of the ring as a function
of the distance z from its centre.
It can be easily shown that vector E in this casemust be directed
along the axis of the ring (Fig. 1.1). Let us isolate element dl on the
E e
-   % ig rdd
C •' ·
4 ` da
A , B
z
dB
  O X ` I
. ‘···'h•“'5
Fig. 1.1 Fig. 1.2
ring in the vicinity of po1ntA. We write the expression for the comp-
onent dEz of the field created by this element at a point C:
1 hdl
dEz   ··—;·_·;·· COS CZ,
where 2. = q/2mz. The values of r and cz will be the same for all the
elements of the ring, and hence the integration of this equation is sim-
ply reduced to the replacement of hdl by q. As a result, we obtain
:..2... .......E.....
E 4neo (a*-[-z*)'/’
lt can be seen that for z> a the field E z q/4ne0z’, i.e. at large dis-
tances the system behaves as a point charge.
Example 2. The Yield of a uniformly ehlnlged straight Element. A
thin straight filament of length 2l is unifo y charged by a cha q.
Find the held intensitly E at a point separated by a distance xrgxtéom
the midpoint of the ii ament and located symmetrically with respect
to its ends.
It is clear from symmetry considerations that vector E must be
directed as shown in Fig. 1.2. This shows the way of solving this






1.1. Electric Field 15
problem: we must find the component dEx of the field created by the
element dl of the filament, having the charge dq, and then integrate
the result over all the elements of the filament. In this case
dE_y=dE COS Ct=-L   COS *1,
imag r-
where lt = q/2l is the linear charge density. Let us reduce this equation
to the form convenient for integration. Figure 1.2 shows that
dl cos or = rda and r = x/cos ot; consequently, ..
dEx=-L-=   cz-}- cos cz dot.  
4:rsO r2 linens /
This -ex_pressio.1 can be easily integrated:
2. °° i
  SCOSCL Cl@= 2SlHG0,
I)
where ono is the maximum value of tl1e angle cz, sin cz0= l/ }//l‘·i —}— ag?.
Thus,
E.;;°..%£. 2   ___.1..__
’¤¤€o* ]/l’—i—x*· !mc,,.z: 5/F-i—a:*'· '
In this case also E z q/4:tc,.z°’ for z > l as the field of a point charge.
Geometrical Description oi Electric Field. lf we know
vector E at each point, the electric tield can be visually re-
presented with the help of field lines, or lines of E. Such a
line is drawn so that a tangent to it at each point coincides
with the direction of vector E. The density of the lines,
i.e. the number of lines per unit area normal to the lines is
proportional to the magnitude of vector E. Besides, the lines
are directed like vector E'. This pattern gives the idea about
the configuration of a given electric field, i.e. about. the di-
rection and magnitude of vector E at each point of the iield.
On the General Properties of Field E. The iield E defined
above has two very important properties. The knowledge of
these properties helped to deeper understand the very con-
cept of the field and formulate its laws, and also made it pos-
sible to solve a number of problems in a simple and elegant
way. These properties, viz. the Gauss theorem and the theo-
rem on circulation of vector E, are associated with two most
important mathematical characteristics of all vector fields:
the flux and the circulation. It will be shown below that in






16 I Electrostatic Field in a Vacuum
terms of these two concepts not only all the laws of electri-
city but also all the laws of magnetism can be described. Let
us go over to a systematic description of these properties.
1.2. The Gauss Yhecrem
Flux of E. For the sake of clarity, we shall use the geomet-
rical description of electric field (with the help of lines
of E). Moreover, to simplify the
“ analysis, we shall assume that the
density of lines of field E is equal
a E to the magnitude of vector E. Then
the number of lines piercing the
dg area element dS, the normal- nto
which forms angle oc with vector E,
Fig. 1.3 is determined as E·dS cos at (see
Fig *1.3). This quantity is just the
flux dd) of E through the area element dS. In a more compact
form, this can be written as
dCD = En dS = E·dS,
where En is the projection of vector E onto the normal n to
the area element dS, and dS is the vector whose magnitude
is equal to dS and the direction coincides with the direction
of the normal. It should be noted that the choice of the di-
rection of n (and hence of dS) is arbitrary. This vector could
be directed oppositely.
If we have an arbitrary surface S, the flux of E through
it can be expressed as
·1»=S 12 as. (1.6)
s
This is an algebraic quantity. since it depends not only on
the configuration of the field E but also on the choice of the
normal. lf a surface is closed it is customary to direct the
normal n outside the region enveloped by this surface, i.e.
to choose the outward normal. Henceforth we shall always
assume that this isthe case.
Although we considered here the flux of E, the concept of
flux is applicable to any vector field as well.
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The Gauss Theorem. The flux of E through an a1·bitrary
closed surface S has a remarkable property: it depends only
on the algebraic sum of the charges embraced by this sur-
face, i.e.
I ~ 4
E t3)Ees--E;q,,;-I (1.7)
where the circle on the integral symbol indicates that the
integration is performed over a closed surface.
This expression is essentially the Gauss theorem; the flux of
JS
.¤ E- S
\
s /
[
q
Fig. l·`ig. 1.5
E through a closed surface is equal to the algebraic sum of the
charges enclosed by this surface, divided by eo.
Proof. Let us first consider the iield of a single point charge
q. We enclose this charge by an arbitrary closed surface S
(Fig. 1.4) and hnd the [lux of E through the area element dS:
.. . _ QL. .2. W;.
d<I>-E"d&tgs\ot- 41180 rz dS coso.- MSO dS2, (1.8)
where df} is the solid angle resting on the area element dS
and having the vertex at the point where the charge q is lo-
cated. The integration of this expression over the entire
surface S is equivalent. to the integration over the entire
solid angle, i.e. to the replacement of dQ by 4at. Thus we
obtain (D = q/eo, as is defined by formula (1.7).
It should be noted that for a more complicated shape of a
closed surface, the angles ct may be greater than at/2, and
hence cos ct and dt! in (1.8) generally assume either positive
or negative values. Thus, dS! is an algebraic quantity: if
dt} rests on the inner side of the surface S, (YQ > O, while if
it rests on the outer side, d£2 < O.
z-ist
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ln particular, this leads to the following conclusion: if
the charge q is located outside a closed surface S, the flux
of E through this surface is equal to zero. In order to prove
this, it is sufficient to draw through the charge q a conical
surface tangent to the closed surface S. Then the integration
of Eq. (1.8) over the surface S is equivalent to the integra-
tion over Q (Fig. 1.5): the outer side of the surface S will be
seen from the point q at an angle Q > O. while the inner side,
at an angle -9 (the two angles being equal in magnitude).
The sum is equal to zero, and CD =-= 0, which_ also agrees
with (1.7). ln terms of field lines or lines ·of E, this means
that the number of lines entering the volume enclosed by
the surfaceS is equal to the number of lines emerging from
this surface.
Let us now consider the case when the electric field is
created by a system of point charges ql, gz, . In this
case, in accordance with the principle of superposition E =
= E1 + E2 —i- . . ., where E, is the field created by the
charge ql, etc. Then the flux of E can be written i`n the form
§EdS= ch (E, liz-&·  
T;   E, as J.- @1;, as   : age, gem, 
ln accordance with what was said above, each integral on the
right-hand side is equal to q,/so if the charge q, is inside
the closed surface S and is equal to zero -if it is outside the
surface S. Thus, the right-hand side will contain the alge-
braic sum of only those charges that lie inside the surface S.
To complete the proof of the theorem, it remains for us
to consider the case when the charges are distributed contin-
uously with the volume density depending on coordinates.
In this case, we may assume that each volume element dV
contains a "point" charge p dV Then on the right-hand side
of (1.7) we have
ml]; S    
where the integration is performed only over the volume
contained within the closed surface S.
We must pay attention to the following important circum-
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stance; while the field E itself depends on the mutual con-
figuration of all the charges, the flux of E through an arbi-
trary closed surface S is determined by the algebraic sum
of the charges inside the surface S. This means that if we
displace the charges, the held E will be changed everywhere,
and in particular on the surface S. Generally, the flux of E
through the surface S will also change. However, if the
displacement. of charges did not involve their crossing of
the surface S, the flux of E through this surface would re-
main unchanged, although, we stress again, the field E itself
may change considerably. What a remarkable property of
electric field!
1.3. Applications of the Gauss Theorem
Since the field E depends on the configuration of all charges,
the Gauss theorem generally does not allow us to deter-
mine this field. However, in certain cases the Gauss theorem
proves to be a very effective analytical instrument since it
gives answers to certain principle questions without solving
the problem and allows us to determine the field E in a very
simple way. Let us consider some examples and then formu-
late several general conclusions about the cases when appli-
cation of the Gauss theorem is the most expedient.
Example 1. On the impossibility of stable equilibrium of a charge
in an electric field. Suppose that we have in vacuum a system of fixed
point charges in equilibrium. Let us consider one of these charges,
g.g. a charge q. Can i  be stable?
In order to answer this question, let us envelop the charge q by a
small closed surface S (Fig. 1.6). For the sake of detiniteness, we as-
sume that q > O. For the equilibrium of this charge to be stable, it is
necessary that the field E created by all the remaining charges of the
system at all the points of the surface S he directed towards the charge
q. Only in this case any small displacement of the charge q from the
equilibrium position will give rise to a restoring force, and the equilib-
rium state will actually be stable. But such a configuration of the
field E around the charge q is in contradiction to the Gauss theorem:
the [lux of E through the surface S is negative, while in accordance
with the Gauss theorem it must be equal to zero since it is created by
charges lying outside the surface S. Un the other hand, the fact that
E is equal to zero indicates that at some points of the surface S vector
E is directed inside it and at some other points it is directed outside.
2•






20 1. Electrostatic Field in a Vacuum _
Hence it follows that in any electrostatic,field_a charge cannot be in
stable equilibrium.
Example 2. The field of a uniformly charged Elaine. Suppose that
the surface charge density is o. It is c ear from t e symmetry of the
problem that vector E can only be normal to the charged plane. More-
over, at points symmetric with respect to this plane, vectors E obvi-
ously have the same magnitude but opposite directions. Such a configu-
ration of the field indicates that a right cylinder should be chosen for
the closed surface as shown in Fig. 1.7, where we assume that o > 0.
S
S.:
I
E E ‘ G ‘
Fig. 1.6 Fig. 1.7
The flux through the lateral surface of this cylinder is equal to
zero, and hence the total flux through the entire cylindrical surface
is 2E AS, where AS is the area of each endface. A charge o AS is
enclosed within the cylinder. According to the Gauss. theorem, 2lJ AS =
= o AS/so, whence E = o/2eo. In a more exact form, this expression
must be written as
En = c/2e,,, (1.10)
where En is the projection of vector E onto the normal n to the charged
plane, the normal n being directed away from this plane. If o > 0
then En > 0, and hence vector E is directed away from the charged
plane, as shown in Fig. 1.7. On the other hand, if o < 0 then En < U,
and vector E is directed towards the charged plane. The fact that E is
the same at any distance from the plane indicates thatj the corre-
sgondgng electric field is uniform (both on the right and on the left of
t e ane).
Tlle obtained result is valid only for an infinite plane surface,
since only in this case we can use the symmetry considerations dis-
cussed above. However, this result is approximately valid for the region
near the middle of a finite uniformly charged plane surface far from
its ends.
Example 3. The field of two parallel planes charged uniformly with
densities o and —o by unlike charges.
This held can be easily found as superposition of the Eelds created
by each plane separately (Fig. 1.8). Here the upper arrows correspond
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to the field from the positively charged plane, while the lower arrows,
to that from the negatively charged plane. ln the space between the
planes the intensities of the fields being added have the same direc-
tion, hence the result (1.10) will be doubled, and the resultant held
intensity will be
E == or/eo, (1.11)
where 0 stands for the magnitude of the surface charge density. It can
be easily seen that outside this space the field is equal to zero. Thus,
I
1)
+ 1
·-——— ——-· —-  
h A
Q _A' `_ &F
is-0 1;- -9- 12-0
"· 2a
Fig. 1.8 Fig. 1.9
in the given case the field is located between the planes and is uni-
orm.
This result is approximately valid for the plates of finite dimen-
sions as well, if only the separation between the plates is considerably
smaller than their linear dimensions (parallel-plate capacitor). ln this
case, noticeable deviations of the fie d from uniformity are observed
only near the edges of the plates (these distortions are often ignored in
calculations).
Example 6. The field of an infinite circular cylinder uniformly
charged over the surface so that the charge K corresponds to its unit
ength.
In this case, as follows from symmetry considerations, the field
is of a radial nature. i.e. vector E at eacigoint iifperpendicular to
the cylinder axis, and its magnitude depen s only on the distance r
from the cylinder axis to the point. This indicates that a closed sur-
face here should be taken in the form of a coaxial right cylinder
(Fig. 1.9). Then the {lux of E through the endfaces of the cylinder is
erflual to zero, while the flux through the lateral surface is E, 2 mh
w ere E,. is the projection of vector E onto the radius vector r coincid-
ing with the normal n to the lateral surface of the cylinder of radius
r and height iz. According to the Gauss theorem, E,2mh M/z~·,, for
> a, whence
. it
lz = -——··-—— `. 1.12
r zag, " > “’ ‘
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For A > 0, E,. > 0 as well, i.e. vector E is directed away from
the charged cylinder, and vice versa.
lf r < a, the closed surface does not contain any cha since in
this region E === 0 irrespective of r. Thus, inside a circmr infinite
cylinder uniformly charged over the surface the held is absent.
h Eiample 5. The field of a spherical surface uniformly charged by
t e c arge q.
This held is obviously centrally symmetric: vector E from any
point passes through the centre of the sphere, while its magnitude
must depend only on the distance r from the point to the centre of the
sphere. It is clear that for such a conhguration of the held we should
take a concentric sphere as a closed surface. Let the radius of this
sphere be r > a. Then, in accord ance with the Gauss theo1~em,'E,4nr' =
___ *1
Er-4-———m0r, (r > a), (1.13)
where E,. is the projection of vector E onto the radius vector r coinciding
with the normal n to the surface at each of its points. The sign of the
charge q determines the sign of the projection E,. in this case as well.
Hence it determines the direction of vector E itself: either away from
the sphere (for q > 0) or towards it (for q < 0).
If r < a, the closed surface does not contain any charge and hence
within this region E = 0 everywhere. In other words, inside a uni-
formly charged spherical surface the electric held is absent. Outside
this surface the field decreases with the distance r in accordance with
the same law as for a point charge.
Example 6. The field of a uniformly charged sphere. Suppose that
a charge q is uniformly distributed over a sphere of radius a. Obvious-
ly, the held of such a system is centrally symmetric, and hence for de-
termining the held we must take a concentric sphere as a closed sur-
face. It can be easily seen that for the field outside the sphere we obtain
the same result as in the previous example [see (1.13)]. However,
inside the sphere the expression for the held will be different. The
sphere of radius r < a encloses the charge q' = q (r/a)’ since in our
case the ratio of charges is equal to the ratio of volumes and is pro-
portional to the radii to the third power. Hence, in accordance with
the Gauss theorem we have
1 r '
whence
F :....1.... -E-r (r<a) (114)
"` imeo a' \ ’ °
i.e. inside a uniformly charged sphere the held intensity grows linear·
ly with the distance r from its centre. The curve representing the de-
pendence of E on r is shown in Fig. 1.10.
General Conclusions. The results obtained in the above
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examples could be found by direct integration (1.5) as well.
However, it is clear that these problems can be solved in a
much simpler way by using the Gauss theorem.
"' The simple solution of the problems considered above may
create an illusive impression about the strength of the method
based on the application of
the Gauss theorem and E
about"the possibility of °°'  I dh,
solving many other prob- I
lems by using this the-  I
orem. Unfortunately, it is _
not the case. The number of a f
problems that can be easily
solved with the help ofthe
Gauss theorem is limited. Fig_ M0
We cannot use it even to
solve the problem of finding the field of a symmetric charge
distributionfon a uniformly 'charged disc. In this case, the
field configuration is rather complicated, and a closed
surface for a simple calculation of the flux of E cannot be
found.
The Gauss theorem can be effectively applied to calcula-
tion of fields only when a field has a special symmetry (iu
most cases plane, cylindrical, or circular). The symmetry,
and hence the field configuration, must be such that, firstly,
a sufficiently simple closed surface S can be found and,
secondly, the calculation of the' flux of E can be reduced
to a simple multiplication of E (or E,.) by the area of the
surface S or its part. If these conditions are not satisfied,
the problem of finding the field should be solved either di-
rectly by formula (1.5) or by using other methods which
will be discussed below.
1.4. Differential Form of the Gauss Theorem
A remarkable property of electric field expressed by the Gauss
theorem suggests that this theorem be represented in a different form
which would broaden its possibilities as an instrument for analysis
and calculation.
In contrast to (1.7) which is called the integral form we shall seek
the diyerential form of the Gauss theorem, which establishes the rela-
tion between the volume charge density p and the changes in the field
intensity E in the vicinity of a given point in space.
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For this purpose, we hrst represent the charge q in the volume V
enveloped by a closed surface S in the form qm; = (p) V, where {p)
is the volume charge density, averaged over the-volume V. Then we
substitute this expression into Eq. (1.7) and divide both its sides by
V, which gives
-:7-§ E dS‘-=(P)/80. (1.15)
We now make the volume V tend to zero by contracting it to the
point we are interested in. In this case, (p) will obviously tend to the
value of p at the given point of the held, and hence the ratio on the
left-hand side of Eq. (1.15) will tend to pls,.
The quantity which is the limit of the ratio of § E dS to V as V -» 0
is called the divergence of the held E and is denoted by div E. Thus,
by dehnition,
1
d' E-.: l' ·—-·§EdS. 1.16
nv Vin; V ( )
The divergence of ang other vector held is determined in a similar
way. It- follows from ehnition (1.16) that divergence is a scalar
function of coordinates.
In order to obtain the expression for the divergence of the held E,
we must, in accordance with (1.16), take an inhnitely small volume V,
determine the flux of E through the closed surface enveloping this
volume, and hnd the ratio of t is flux to the volume. The expression
obtained for the divergence will depend on the choice of the coordi-
nate system (in different systems of coordinates it turns out to be
diherent). For example, in Cartesian coordinates it is given by
. ___ as,. 61% _,_ as, s
d" E··*a:r+‘s7 · $7*- “·"’
Thus, we have found that as V —» 0 in (1.15), its right·hand side
tends to p/s,,, while the left-hand side tends to div E. Consequently,
the divergence of the held E is related to the charge density at the
same point through the equation
I divE=p/eo. ‘ (1.18)
This equation expresses the Gauss theorem in the differential form.
The form of many expressions and their applications can be consid-
erably simplihed if we introduce the vector differential operator v.
In Cartesian coordinates, the operator v has the form
, 0 0 0
V:] -5;+]-Z?-EI-+k-5; , (1.19)
where i, i, and k are the unit vectors of the X-, Y-, and Z-axes. The
operator v itself does not have any meaning. it becomes meaningful
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only in combination with a scalar or vector function by which it is
symbolically multiplied. For example, if we form the scalar product
of vector V and vector E, we obtain
6 6 6
V*E=VxEx+VyEy+VzEz=·$ Ex+·bE/·· Ey+··b;· Ez-
It follows from (1.17) that this is just the divergence of E.
Thus, the divergence of the held E can be written as div E or v ·E
(in both cases it is read as "the divergence of E"). We shall he using
the latter, more convenient notation. Then, for example, the Gauss
theorem (1.18) will have the form
I V·E=P/So- l (l-20)
The Gauss theorem in the differential form is a local theorem:
the divergence of the held E at a given point depends only on the
electric c arge density gi at this point. This is one of the remarkable
projnerties of electric he d. For example, the held E of a point charge
is iflerent at diherent [points. Generally, this refers to the spatial
derivatives 6E,/6::, 6Ey 6y, and 6E,/6: as well. However, the Gauss
thwrem states that the sum of these derivatives, which determines the
divergence of Eeitums out to be equal to zero at all points of the held
(outside the charge itself).
At the points of the held where the divergence of E is positive, we
have the sources of the helh (positive charges), while at the (points
where it_ is negative, we have sinks (negative charges). The hel lines
emerge from the held sources and terminate at the sinks.
1.5. Circulation ol Vector E. Potential
Theorem on Circulation of Vector E. It is known from
mechanics that any stationary held of central forces is con-
servative, i.e. the work done by the forces of this held is
independent of the path and depends only on the position
of the initial and hnai points. This property is inherent in
the electrostatic held, viz. the held created by a system ol
hxed charges. If we take a unit positive charge for the test
charge and carry it from point 1 of a given held E to point 2.
the elementary work of t he forces of the held done over the
distance dl is equal to E·dl, and the total work of the held
forces over the distance between points 1 and 2 is dehned as
2
S E J1. (1.21
l
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This integral is taken along a certain line (path) and is
therefore called the line integral.
We shall now show that from the independence oi line
integral (1.21) of the path between two points it follows
that when taken along an arbitrary closed path, this inte-
gral is equal to zero. Integral (1.21) over a closed contour is
called the circulation of vector E and is denoted by  
Thus we state that circulation of vector E in any electro-
static field is equal to zero, i.e.
| &Edl :0. I (1.22)
1248 `
This statement is called the theorem on circulation of
vector E.
In order to prove this theorem, we break an arbitrary closed
path into two parts 1a2 and 2b1
2 (Fig. 1.11). Since line integral (1.21)
4 (we denote it by lu) does not
depend on the path between `points I
(al (bl
1
_b and 2, we havegl = lm. On the
2 ,_.
other hand, it is clear that
Fig Hi tb) tb) (bi
°' S =-— K ,wherel isthe
. 12 . 21 _   21 _
integral over the same segment b but taken in the opposite
direction. Therefore
tai tb) ta) ti)
lizlrlzi S11-—.Ji2:O°
Q.E.D.
A field having property (1.22) is called the potential field.
Hence, any electrostatic field is a potential field.
The theorem on circulation of vector E makes it possible
to draw a number of important conclusions without re-
sorting to calculations. Let us consider two examples}
Example 1. The field lines ol an electrostatic field E cannot be
closed.
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Indeed, if the opposite were true and some lines of held Ewere
closed, then taking the circulation of vector E along this line we would
immediately come to contradiction with theorem (1.22). This means
that actually there are no closed lines of E in an electrostatic held;
the lines emerge from positive charges
and terminate on negative ones (or go  
to inhnity). .....+..........*....
Example 2. Is the configuration of an I I
electrostatic field shown in Fig. 1.12 l
possible? -+-—»-—-{-
No, it is not. This immediately becomes
clear if we apply the theorem on circula— ,_.{.....,....l_.
tion of vector E to the closed contour ,_____________|
shown in the hgure by the dashed line.
The arrows on the contour indicate the ——-——-—-—¤·—·—··—····
direction of circumvention. With such a
special choice of the contour, the contri- Fi 1 12
bution to the circulation from its ver- g' ‘
tical parts is equal to zero, since in
this case E _!_ dl and E·dl = O. It remains for us to consider the
two horizontal segments of equal lengths. The hgure shows that the
contributions to the circulation from these regions are opposite in
sign, and unequal in magnitude (the contribution from the upper seg-
ment is larger since the held lines are denser, and hence the value of
E is larger). Therefore, the circulation of B differs from zero, which
contradicts to (1.22).
Potential. Till now we considered the description of elec-
tric held with the help of vector E. However, there exists
another adequate way of describing it by using potential qa
(it should be noted at the very outset that there is a one-to-
one correspondence between the two methods). It will be
shown that the second method has a number of signihcant
advantages.
The fact that line integral (1.21) representing the work·of
the held forces done in the displacement of a unit positive
charge from point 1 to point 2 does not depend on the path
allows us tofstate that for electric held there exists a certain
scalar function qa (r) of coordinates such that its decrease is
given by
2
q>,——q>2= gEdl, (1.23)
1
where cp, and qa, are the values of the function qi at the
points 1 and 2. The quantity qa (r) dehned in this way is
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called the field potential. A comparison of (1.23) with the
expression for the work done by the forces of the potential
field (the work being equal to the decrease in the potential
energy of a particle in the field) leads to the conclusion
that the potential is the quantity numerically equal to the po-
tential energy of a unit positive charge at a given point of the
yield.
We can conditionally ascribe to an arbitrary point 0 of the
field any value cp, of the potential. Then the potentials of
all other points of the field will be unambiguously deter-
mined by formula (1.23). If we change cp, by a certain value
Aqa, the potentials of all other points of the field will change
by the same value.
Thus, potential cp is determined to within an arbitrary
additive constant. The value of this constant does not play
any role, since all electric phenomena depend only on the
electric field strength. It is determined, as.will be"shown
later, not by the potential at a given point but by thefpoten-
tial difference between neighbouring points of the held.
The unit of potential is the volt (V).
Potential of the Field of a Point Charge. Formula (1.23)
contains, in addition to the definition of potential qa, the
method of finding this function. For this purpose, it is suf-
iicient to evaluate the integral S E dl over any path be-
tween two points and than represent the obtained result as
a decrease in a certain function which is just cp (r). We can
make it even simpler. Let us- use the fact that formula
(1..23) is valid not only for finite displacements butffor ele-
mentary displacements dl as well. Then, in accordance with
this formula, the elementary decrease in the potential over
this displacement is
—-dep E·dl. (1.24)
In other words, if we know the field E (r), then to find rp
we must represent E·dl (with the help of appropriate trans-
formations) as a decrease in a certain function. This function
will be the potential qi.
Let us apply this method for finding the potential of the
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field of a lixed point charge:
` ---- ....1.. .3. » .
L·d|.. lama rz t, dl
l » . .
'-Z     ·l· LUll5l.) ,
where we took into account that e, dl 1-(dl),. s: dr, since
the projection of dl onto er, and hence on r, is equal to the
increment of the magnitude oi vector r, i.e. dr. The quantity
appearing in the parentheses under the differential is exact-
ly tp (r). Since the additive constant contained in the for-
mula-does not play any physical role, it is usually omitted in
order to simplify the expression for qa Thus, the potential
of the field of a point charge is given by
___ 1 q I r
The absence *6f an additive constant in this expression
indicates that we conventionally assume that the potential
is equal to zero at infinity (for r —» oo).
Potential oi the Field of a System of Charges. Let a system
consist of iixed point charges q1, gz, .... In accordance
with the principle of superposition, the field intensity at any
point of the field is given by E = E, + E2 -i— ., where
E1 is the {ield in-tensity from the charge q1, etc. By using
formula (1.24), we can then write
E·dl = (E1 —|— E2 -1- .) dl = E,·dl + E2·dl +
= —d<i>i —- dwg - ·—-dq>.
where cp = Expt, i.e. the principle of superposition turns out
to be valid for potential as well. Thus, the potential of a
system of lixed point charges is given by
z ._ 1 ·· q·   imc
I *P — ZE; Zi   »| ` )
where ri is the distance from the point charge qi to the point
under consideration. llere we also omitted an arbitrary con—
stant. This is in complete agreement with the fact that any
real system of charges is bounded in space, and hence its
potential can be taken equal to zero at infinity.
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lf the charges forming the system are distributed contin-
uously, then, as before, we assume that each volume ele-
ment dVcontains a "point" charge p dV, where p is the charge
density in the volume rlV Taking this into consideration,
we can write formula (1.26) in a different form:
. 1 ` adv .
`t,.;2.TE;(.;.,l (1.27)
where the integration is performed either over the entire
space or over its part containing the charges. If the charges
are located only on the surface S, we can write
1 d .
tp:-Eg S P-if-, (1.2s)
where o is the surface charge density and dS is the element
of the surface S. A similar expression corresponds to the
case when the charges have a linear distribution.
Thus, if we know the charge distribution (discrete or con-
tinuous), we can, in principle, find the potential of any
system.
1.6. Relation Between Potential and Vector E
It is known that electric held is completely described by
vector function E (r). Knowing this function, we can find
the force acting on a charge under investigation at any point
of the field, calculate the work of field forces for any displace-
ment of the charge, and so on. And what do we get by
introducing potential? First of all, it turns out that if we
know the potential cp (r) of a given electric held, we can re-
construct the field E (r) quite easily. Let us consider this
question in greater detail.
The relation between cp and E can be established with the
help of Eq. (1.24). Let the displacement dl be parallel to
the X—axis; then dl = i dsc, where i is the unit vector along
the X-axis and da: is the increment of the coordinate x. In
this case
E·dl : E·i dx == E,. dx,
where Ex is the projection of vector E onto the unit vector i
(and not on the displacement dll). A comparison of this ex-
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pression with formula (1.24) gives
Ex ¤= -0cp/Ox, (1.29)
where the symbol of partial_derivative emphasizes that the
function <p (x, y, z) must he dil'lerent.iated only with 1·espect
to :1:, assuming that y and z are constant in this case.
In a similar way, we can obtain the corresponding expres-
sions for the projections EI, and E,. Having determined
Ex, Ev, and Ez, we can easily find vector E itself;
_ Ocp . 0r,o . arp
The quantity in the parentheses is the gradient of the po-
tential cp (grad cp or vip). We shall be using the latter, more
convenient notation and will formally consider vqn as the
product of a symbolic vector V and the scalar cp. Then
Eq. (1.30) can be represented in the form
lE=——V<p,l (1.31)
i.e. the field intensity E'is equal to the potential gradient
with the minus sign. This is exactly the formula that can
be used for reconstructing the field E if we know the
function qa (r).
Example. Find the lléld intensity E if the field potential has the
form: (1) cp (:1:, y) = —a;ry, where a is a constant; (2) tp (r)   ——a·r,
where a is a constant vector and 1- is the radius vector of a point under
consideration.
(1) By using formula (1.30); we obtain E = a (yi -{- mj).
(2) Let us first represent t e function tp as cp -—a,,.·r --- uyy --
— azz, where ax, ay and az are constants. Then with the help of for-
mula (1.30) we rind E == axi A- ayj -+- azk = a. lt can be seen that in
this case the field E is uniform.
Let us derive one more useful formula. We write the right-
hand side of (1.24) in the form E·dl ll, dl, where dl =
é ldlj is an elementary displacement and 15; is the pr»;jec—
tion of vector E onto the displacement dl. Hence
·*·—·····—····|
( El: -0cp,/dl, · (1.32)
i.e. the projection of vector E onto the direction of the dis-
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placement dl is equal to the directional derivative of the
potential (this is emphasized by the symbol of partial de-
rivative).
Equipotential Surfaces. Let us introduce the concept of
equipotential surface, viz. the surface at all points of which
potential cp has the same value. We shall show that vector E
at each point of the surface is directed along the normal to
the equipotential surface and towards the decrease in the
potential. Indeed, it follows
¢ *:3 T4 ¢5 from formula (1.32) that the
,,1 ( ( projection of vector E onto
  any direction tangent to the
_ \ \ ( equipotentlal surface atagiven
\ \ \ \ point is equal to zero. This
\ \ \ means that vector E is norm-
\\\ \ \ al to the given surface. Fur-
\ ther, let us take a displace-
` ment dl along the normal to the
8U.l'f&C6, towards decreasing
Fig- 1.13 q>. Then 6q> < 0, and accord-
ing to (1.32), E; >0, i.e.
vector E is directed towards decreasing cp, or in the diroc·
tion opposite to that of the vector vcp. _
It is expedient Lto draw equipotential surfaces in such a
way that the potential difference between two neighbouring
surfaces be the same. Then the density of equipotential
surfaces will visually indicate the magnitudes of field inten-
sities at different points. Field intensity will be higher in
the regions where equipotential surfaces are denser ("the
potential relief is steeper”).
Since vector E is normal to an equipotential surface every-
where, the field lines are orthogonal to these surfaces.
Figure 1.13 shows a two—dimen.siona1 pattern of an electric field.
The dashed lines correspond to equipotential surfaces, while the solid
lines to the lines of E. Such a representation aan be easily visualized.
It immediately shows the direction of vector E, the regions where field
intensity is higher and where it is lower, as well as the regions with
greater steepness of the potential relief. Such a pattern aan he used to
obtain qualitative answers to a number of questions, su ht as “In what
direction will a charge placed at a certain point move? Where is the
magnitude of the potential gradient higher? At which point will
the force acting on the charge be greater." etc.
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On the Advantages of Potential. lt was noted earlier that
electrostatic field is completely characterized by vector
function E (r). Then what is the use of introducing potential?
There are several sound reasons for doing that. The concept
of potential is indeed very useful, and it is not by chance
that this concept is widely used not only in physics but in
engineering as well. ,
{1. If we know the potential tp (r), we can easily calculate
the work of field forces done in the displacement of a point
charge q' from point 1 to point 2:
A12 2 qi (*91 "‘ (Pali (133)
where rp, and_q>, are the potentials at points 1 and 2. This
means that the required work is equal to the decrease in the
potential energy of the charge q' upon its displacement from
point 1 to 2. Calculation of the work of the field forces with
the help of formula (1.33) is not just very simple, but is
in some cases the only possible resort.
Example. A cllhrge q is distributed over a thin ring of radius a.
Find the work of the field forces done in the displacement of a point
charge q' from the centre of the ring to infinity.
Since the distribution of the charge q over the ring is unknown, we
cannot say anything definite about the intensity E of the field created
by this charge. This means that we cannot calculate the work by eval-
uating the integral S q’E dl in this case. This problem can be easily
solved with the help of potential. Indeed, since all elements of the
ring are at the same distance a from the centre of the ring, the poten-
tial of this point is qa., q/4ms,,e. And we know that rp = U at infinity.
Consequently, the work A = q’cp,, = q’q/Zirrsoa.
2. lt turns out in many cases that in order to find electric
field intensity E, it is easier first to calculate the potential
qn and then take its gradient than to calculate the value of E
directly. This is a considerable advantage of potential. ln-
deed, for calculating rp, we must evaluate only one integral,
while for calculating E we must take t/zree integrals (since
it is a vector). Moreover, the integrals for calculating qu are
usually simpler than those for Ex, 13,,, and E,.
Let us note here that this does not apply to a comparative-
ly small number of problems with high symmetry, in
which the calculation of the field E directly or with the help
of the Gauss theorem turns out to be much simpler.
3-oiai
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There are some other advantages in using potential which
will be discussed later.
1.7. Electric Dipole
The Field of a Dipole. The electric dipole is a system of two
equal in magnitude unlike charges + q and —— q,separated
by a certain distance l. When the dipole field is considered,
cr
<¤> F di P " E
r. u °·>
I I'
r- l ly
*4
I .
q 0 P
l·`ig. 1.14
it is assumed that the dipole itself is pointlike, i.e. the dis-
tance r from the dipole to the points under consideration is
assumed to be much greater than l.
'I`he dipole field is axisymmetric. Therefore, in any plane
passing through the dipole axis the pattern of the iield is
the same, vector E lying in this plane.
Lehtt us lirst {ind the potential of the dipole field and then
its i ensity. According to (1.25), the potential of the dipole
field at the point P (Fig. 1.14a) is defined as
i q <1 __ 1 <1(r--·r)
Lp final, (T, "TI) — inte,) ry;. + °
Since r >> l_, it can be seen from Fig. 1.14a that r- ... r+ =
= lcos 0 and r+r_ = rz, where r is the distance from the
point P to the dipole (it is pointlikel). Taking this into
account, we get
____ 1 pcos0
(P7 7;.;,5*   , (1-34)
where p = ql is the electric moment of the dipole. This quan-
tity corresponds to a vector directed along the dipole axis
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from the negative to the positive charge:
P = ql, (1.35)
where q > O and I is the vector directed as p.
It can be seen from formula (1.34) that the dipole held
depends on its electric moment p. It will be shown below
that the behaviour of the dipole in an external held also
depends on p. Consequently, p is an important characteristic
of the dipole.
It should also be noted that the potential of the dipole held
decreases with the distance r faster than the potential of the
held of a point charge (in proportion to 1/rz instead of 1/r).
{In order to hnd the dipole held, we shall use formula (1.32)
and calculate the projections of vector E onto two mutually
perpendicular directions along the unit vectors e,. and eg
(Fig. 1.14b):
E ____Q_g>__ 1 Zpcosi}
il rl jr _ 4”°° if, (1.36)
E .-. -.9. = .L. A23
° no ew., r=· ·
Hence, the modulus of vector E will be
E=VE§+Eé=—4-1% {Q-V1-+3c¤s2o. (1.37)
In particular, for 1} = 0 and il = rt/2 we obtain the ex-
pressions for the held intensity on the dipole axis (Eu) and
on the normal to it (E _L):
-, _ 1 gp- _ 1
  En --,,,,,0 ,3 , E1 —q,;;.; 3%, (1-38)
  i.e. for the same r the intensity E u is twice as high as E _,_.
gg; The Force Acting on a Dipole. Let us place a dipole into
a nonuniform electric held. Suppose that El. and E- are
the intensities of the external held at the points where the
positive and negative dipole charges are located. Then the
resultant force F acting on the dipole is (Fig. 1.15a):
F == qE+ —qE- = q (E4- —— E-)-
The difference E+ —-— E- is the increment AE of vector E
on the segment equal to the dipole length l in the direction
at
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of vector l. Since the length of this segment is small, we can
write
aE:E,.*E_;-’¥J- 1 Z $3-z.
Substituting this expression into the formula for F, we
find that the force acting on the dipole is equal to
I rep?. I (1.2.9)
where p = ql is the dipole electric moment. The derivative
appearing in this expression is called the directional deriva-
(H tive of the vector. The symbol of
qH+ partial derivative indicates that it
s is taken with respect to a certain
M . direction, viz. the direction coincid-
_l ( ing with vector l or p.
/   Unfortunately, the simplicity of
-2/,./ formula (1.39) is delusive: taking
eq E_ the derivative OE/dl is a rather com-
` E•_E_ plicated mathematical operation.
(I1)   We shall not discuss this question
· in detail here but pay attention to
B- the esserce of the obtained result.
Fig 1 15 First of all, note that in a uniform
‘ ° field 6E/dl = O and F = 0. This
means that generally the force acts
on a dipole only in a nonuniform field. Next, in the gener-
al case the direction of F coincides neither with vector E
nor with vector p. Vector F coincides in direction only
with the elementary increment of vector E, taken along the
direction of I or p (Fig. 1.15b).
Figure 1.16 shows the directions of the force F acting on a dipole
in the field of a point charge q for three different dipole orientations.
We suggest that the reader prove independently that it is really so.
If we are interested in the projection of force F onto a
certain direction JO, it is sufficient to write equation (1.39)
in terms of the projections onto this direction, and we get
0
F.=p   <1·4<>>
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where GE,/6l is the derivative of the corresponding projec-
tion of vector E again onto the direction of vector l or p.
Let a dipole with moment p be oriented along the symme-
try axis of a certain nonuniform field E. We take the positive
direction of the X-axis, for example,
as shown in Fig. 1.17. Since the incre- q•_______;=___?___
ment of the projection E, in the direc- F
tion of vector p will be negative, F,,< 0,  
and hence vector F is directed to the
left, i.e. towards increasing field in- 4* _———— lp
tensity. If we rotate vector p shown in ·
the figure through 90° so that the dipole F
centre coincides with the symmetry °°""""'”E${
axis of the held, it can be easily seen
that in this position F,. = 0. Fig- U6
The Moment of Forces Acting on a
Dipole. Leteus consider behaviour of a dipole in an exter-
nai electric field in its centre-of-mass system and find out
whether the dipole will rotate or not. For this purpose, we
must find the moment of external forces with respect to the
dipole centre of mass*. '
$By definition, the moment of forces F+ = qE+ and F- =
= ——qE- with respect to the centre of mass C (Fig. 1.18) is
equal to
M = [r+ X F+] + [r_ X FJ = [r+ X qE+] — [r- X qE-1,
where ri. and r- are the radius vectors of the charges + q
and -— q relative to the point C. For a sufficiently small di-
pole length, E+ z E- and M = [(r+ --r_) X qEl. It re-
mains for us to take into account that ro, -r_ = I and
ql = p, which gives
IM: [p X ELI (1.41)
This moment of force tends to rotate the dipole so that
its electric moment p is oriented along the external field E.
Such a position of the dipole is stable.
Thus, in a nonuniform electric field a dipole behaves as
* We take the moment with respect to the centre of mass in order
to eliminate the moment of inertial forces.
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follows: under the action of the moment of force (1.41),
the dipole tends to get oriented along the field (p  E),
while under the action of the resultant force (1.39) it is
  *4
  I}
-——-—~···->·-——-··—¥»- C Po
  F' Y" I
ia iq
Fig. 1.17 Fig. 1.18
displaced towards the region where the field E has larger
magnitude. Both these motions are simultaneous.
The Energy of a Dipole in an External Field. We know
that the energy of a point charge q in an external field is
W = qqn, where q> is the field potential at the point of lo-
cation of the charge q. A dipole is the system of two charges,
and hence its energy in an external held is
W = q+<v+ + q-<v- = q (q>+ —— w-),
where cpl. and qa- are the potentials of the external field at
the points of location of the charges +q and -q. To within
a quantity of the second order of smallness, we can write
q)+`°q)--°: gg? ls
where 6cp/Ol is the derivative of the potential in the direc-
tion of the vector l. According to (1.32), Ocp/0l = —E;,
and hence mpi. — cp- = Ell = —E·l, from which we get
IW;-—p·E.I (1.42)
It follows from this formula that the dipole has the mini-
mum energy (Wmm = ——pE) in the position pM E (the
position of stable equilibrium). If it is displaced from this




